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In this paper, we characterize a convex set function by its epigraph. The w*- 
semicontinuities for set functions are defined. We identify a convex set function with 
a functional in L, and show that the w*-closure of such a functional is a convex 
functional. A Fenchel duality theorem for set functions is then derived. 0 1986 
Academic Press, Inc. 
1. INTRODUCTION 
In 1976, a definition of a convex set function was given by Dolecki and 
Kurcyusz in [ 11. Using a more natural approach, Morris [2] defined a 
convex set function by a special class of sequences which is akin to the con- 
cept of “convex combination” of two sets. Following Morris’ idea, the 
definition of a convex subfamily Y of ~2 was given and properties of con- 
vex set functions defined on Y were investigated by the authors in [3]. 
In Section 3, convex set functions are characterized through their 
epigraphs. Furthermore, we identify a convex set function on a convex sub- 
family Y c & with a functional on L, over x,~ = {x~[QEY} and show 
that the w*-closure of such a functional is a convex functional on the w*- 
closed convex hull of x9 in L,. We also define the w*-semicontinuities for 
set functions through the w*-closureness, and characterize the w*-con- 
tinuous convex set functions. A Fenchel duality theorem for set functions is 
then established through the w*-closure of convex set functions in Sec- 
tion 4. 
2. NOTATIONS AND PRELIMINARIES 
Throughout this paper, it will be assumed as in [2] that (X, z$, m) is a 
finite atomless measure space with L,(X, d, m) separable. We denote by I 
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the interval [0, I]. For Q E &‘, xa denotes the characteristic function of Q. 
We shall write L, instead of L,(X, d, m). For Y c &, we write xy’ = {x0: 
52~ 9’) and define 9 = w*-closure of x,~ in L,. In [2] Morris showed 
that given sets Q, n E&‘, and FEZ, there exist L,-sequences 
and 
XR.uA,u(RnA) w* I&2+(1-1)X/l, 
consequently & contains the convex hull of x&. We shall call the sequence 
{m} where r,, =Q, u/l, u (Q n A), a Morris sequence associated with 
(A, Q, ,4). Following Morris’ approach, we use Morris sequences to replace 
convex combinations to define convex subfamily Y c d as in [3]. 
DEFINITION 2.1. A subfamily Y c d is said to be convex if for every 
(2, 52, A) EZX Y x Y and every Morris sequence {m} associated with 
(A, 52, ,4), there exists a subsequence {r,,,} of {m} in Y. 
Morris’ definition of a convex set function on d [2] can now be 
generalized to a convex subfamily: 
DEFINITION 2.2. Let Y be a convex subfamily of &‘. A set function 
F: Y + R is said to be convex if given (A, Q, A) E Z x Y x 9’ and any 
Morris sequence {m> associated with (A, Sz, /i), there exists a subsequence 
{r,,,} of {m} in Y such that 
lim sup F(T,,,) < AF(i2) + (1 - 2) F(A). 
k-rcc 
For basic properties of convex subfamilies of &’ and convex set 
functions, the reader is referred to [3]. Note that Definition 2.2 is more 
general than the definitions given for convex set functions in [2]. However, 
all the results developed in [2] hold for the redefined convex set functions. 
Definition 2.2 for convex set functions is further justified by the charac- 
terization of their epigraphs in Section 3. 
We remark that the results in this paper can be extended to the case of 
a-finite measure space and extended real value convex set functions without 
major difficulties; see [4]. 
3. EPIGRAPHS OF CONVEX SET FUNCTIONS 
For a convex set function F: 9’ -P R, F(Q) = F(A) if xn = x,, a.e. in L,; 
therefore, F can be regarded as a functional on L, over the set x9. 
EPIGRAPHS OF CONVEX SET FUNCTIONS 249 
DEFINITION 3.1. Let F: Y + R be a set function and 9 c d. The 
epigraph of F over Y, [F, 91, is defined as 
[F,Y]={(~,SZ)EIWXSU~EY,F(S~)<~}. 
DEFINITION 3.2. A subset A c R x d is said to be convex if given (r, Q), 
(s, A) E A and I E Z, then for every Morris sequence (m} associated with 
(1, Q, A) there exists a subsequence {Z”,} of {m} and a sequence 
t, + Ir + (1 - I) s such that { (tk, Z,J} c A. 
We now may characterize the convexity of set functions by the convexity 
of their epigraphs. 
THEOREM 3.3. Let F: Y + R be a set function and Y a convex subfamily 
of d. Then F is convex if and only if [F, 9’1 is a convex subset in R x d. 
ProoJ: Assume that F is convex. Let (r, Sz), (s, A) E [F, Y] and ;1 E I. 
Let {Z”} be a Morris sequence associated with (A, Q, A). By convexity of 
F, there exists a subsequence {m,} in Y such that lim sup, _ m F(‘(r,,) < 
lF(Q) + ( 1 - 2) F(A ), hence lim sup, _ m F(T,,) < ir f ( 1 - A) s. Therefore, 
a subsequence {m,,} of {m,} can be found for which F(T,,)<l.r+ 
(1 - 1) s + l/i. This shows that [F, 9’1 is convex in IF! x d. ’ 
Conversely, assume that [F, 9’1 is a convex in [w x &. Let (1, Q, ,4) E 
Ix Y x Y be given. Then since (F(Q), Q), (F(A), A) E [F, Y], for every 
Morris sequence {m} associated with (1, Sz, A) there exists a subsequence 
{m,} of {m} and a sequence t, + LF(sZ) + (1 -A) F(A) such that 
(tk, Z’“,)E [F, Y’] for all k by the convexity of [F, Y]. It follows that 
lim sup F(T,,) Q IF(Q) + (1 - 2) F(A). This completes the proof. 
When there is no danger of ambiguity, we shall identify 52 E& with 
XaEL3. Let A & R x d, 2 is defined as the w*-closure of A in R x L,. 
The following proposition shows that the w*-closure preserves the convex 
sets. 
PROPOSITION 3.4. If A is a convex subset in IR x ~2, then A is the 
w*-closed convex hull of A in R x L,. 
ProoJ: It follows directly from the definition of convexity of A that the 
convex hull of A, conv A, is contained in A. Consequently, A E conv A c A. 
PROPOSITION 3.5. Zf Y c zl is convex, then 9 is convex in L,, hence 
the w*-closed convex hull of Y. 
Proof: It is clear that (0) x Y is convex in R x d if Y is convex. By 
Proposition 3.4, (0)xy = (0) x 9 is convex in R x L,, it follows that 9 
is convex in L,, hence the w*-closed convex hull of 9. 
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COROLLARY 3.6. s?={f~L,:Odfdl). 
ProoJ: Write Bf = (f E L, : 0 <f < 1). As shown in [S, Theorem 5.51, 
B+ is the w*-compact and d is the set of all extreme points of B+, B+ is 
the w*-closed convex hull of d by the KreinMilman theorem. Therefore, 
by Corollary 3.5 d = Bf. 
Remark 3.7. It follows from Corollary 3.6 that d is nowhere dense in 
L, with respect to the w*-topology, since any non-empty w*-open set in 
L, is unbounded. 
For fEB+, we denote M(f) the family of all w*-neighborhood off in 
B+. Note that since B+ is w*-compact and L, is separable by assumption, 
B+ is metrizable. 
DEFINITION 3.8. Let F: Y -+ R be a set function. The w*-lower semicon- 
tinuous hull of F, or the closure of F, is the functional P on L, over 9 
defined by 
F(f)= sup inf F(n) for fE 9. 
VeJv(f) ne iJny 
F is said to be w*-lower semicontinuous or simply w*-1.s.c. if F(Q) = F(Q) 
for OEY. 
Similarly, we define the w*-upper semicontinuous or simply w*-U.S.C. 
hull E of F and the w*-upper semicontinuity of F. F is said to be w*-con- 
tinuous if F is both w*-1.s.c. and w*-U.S.C. It is standard to show by 
definitions that F(Q) < F(Q) <I”(Q) for DE Y, and F (r’, respectively) is 
w*-1.s.c. (w*-u.s.c., respectively); and if F is w*-continuous then FE E on 9 
and F is the unique w*-continuous extension of F. 
PROPOSITION 3.9. Let F: Y -+ R! be a set function. Then [F, 9’1 = 
[F, 91. 
Proof. Since F(Q) < F(Q) for QE 9, [F, 91 s [F, 91. [F, S] is 
closed, since F is w*-1.s.c.; hence [F, Y] c [F, 91. Conversely, let (r, f) E - - 
[F, Y]. Then p(j) = sup,,, NN(fj inf,,. Vn y F(A) < r. Now sincefE 9 c B+, 
and Bf is metrizable, a sequence { /1,} can be found in Y such that 
Xn +“‘*S and F(A,) < r + l/n. This shows that (r,f) E [F, YJ, and hence 
G = [E 9-J. 
COROLLARY 3.10. Let F be a convex set function defined on a convex 
subfamily Y c d. Then i? 9 + R is a convex functional on L, over 9. 
Proof: [F, Y] is convex in Iw x JX? by Theorem 3.3. m is convex in 
IR x L, by Proposition 3.4. Now by Proposition 3.9 [F, S] = [F, 9’1, 
hence convex. It follows that F is convex on L, over 9. 
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COROLLARY 3.11. Let Y be a convex subfamily of d and let F: Y + R 
be a w*-continuous function, Then F is convex if and only tf P is convex. 
Proof It follows directly from Proposition 3.10 and the definitions. 
By Remark 3.7 for any Y cd, 9 has empty relative w*-interior, hence - - 
for any I;: Y + R, [F, Y] has empty relative w*-interior since v( [F, g]), 
the linear variety generated by [F, 91, is [w xv(S). 
COROLLARY 3.12. Let F. 9 + IR be a convex set function. If 9 has non- 
empty relative interior (w.r.t. the L,-norm topology), and F is w*-con- 
tinuous, then [l’, 91 has non-empty relative interior. 
Proof By Corollary 3.11, F is a w*-continuous convex functional on 
- - 
L, over 9. Since w*-continuity implies the L,-norm continuity, [F, Y] 
has non-empty relative interior by [6, Section 7.9, Proposition 11. 
4. FENCHEL DUALITY THEOREM 
Since the w*-closure of the epigraph of a convex set function is equal to 
the epigraph of a w*-1.s.c. convex functional on L,, duality principles of 
Fenchel type for set functions can be developed if separating hyperplanes 
for epigraphs can be found. We shall use the functional notation (f, x0) 
for jnf dm. 
THEOREM 4.1. Let F, G be set functions which are absolutely con- 
tinuous w.r.t. m, i.e., for 52~ d, F(B) = (fO, xn) and G(Q) = (go, x0) 
f or some fO, g,EL,(X,d,m). Then minn.,[F(Q)-G(Q)]= 
maxf,.,CG*(f)-F*(f)l, where 
G*(f) = j$G(Q) - <f, xa>l, F*(f)= supC<f,~n)-F(Q)], 
REd 
and the minimum on the left is achieved by 52, = (fO-8,))‘(( - 00, 01) and 
the maximum on the right is achieved by any f* for which 
(f,-g&‘((-co,O])=(f,--f,))‘((-co,O]), in particular, f, can be 
chosen as ( f0 + g,)/2. 
Proof: Since min, E d [F(Q) - G(Q)] = min, E d fa ( f0 - g,) dm, 0, = 
(fO -g,))‘(( - co, 01) is clearly a solution. Let f, = (fO +g,)/2 and 
p=minnE,[F(Q)-G(Q)]. Note that p(f)= (fO,f) and G(f)= 
(g,,f) both are w*-continuous linear functionals on L, 
and inf nE~[F(Q)-G(Q)]=inf~,,[F(f)-G(f)], where D= {feL,: 
( f0 - g,, f ) 2 ( f0 - g,, xa ) } which is a w*-neighborhood of x0, and con- 
tains B+. Therefore, a w*-closed separating hyperplane is guaranteed for 
409/118/l-17 
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[F, O] and [G, 01. By straightforward calculations, a separating hyper- 
plane is given by 
i 
(r,f)ERxL,: <hf*j-r=[Q*fqdm} 
It follows from a standard argument that the equality in the theorem is 
established. 
Remark 4.2. In [7], a definition of epigraphs for convex set functions 
was given, however, the proof that the epigraph of a convex set function is 
convex in [7, Proposition l] is incorrect. Furthermore, the main theorem, 
the Fenchel duality theorem in [7], is vacuous, since both the epigraphs 
have empty relative w*-interiors by Remark 3.7, and all the examples given 
in [7] are subsumed in Theorem 4.1 which is a duality theorem of Fenchel 
type only for a very special class of set functions. To derive a general 
Fenchel duality theorem for set functions we need to define the conjugate 
functionals for set functions on (L,)* instead of L,, the w*-dual of L,. 
Note that (L,)* can be characterized as finitely additive set functions [S]. 
DEFINITION 4.3. Let Y be a convex subfamily of d. A set function 
G: F + R is said to be concave if -G is convex. Define 
[G, Y] = {(r, Q) E W x d: r d G(Q)}, the epigraph of G over 5. 
The set [G, S] is convex in II% x d and [G, S] = [G, Y] is convex in 
lR x L, . All the other results for convex set functions have direct extensions 
for concave set functions. 
DEFINITION 4.4. Let F (G, respectively) be a convex (concave, respec- 
tively) function defined on a convex subfamily Y (Y-, respectively) of d. 
Define 9’: = {x* E (L,)*: s~p~.~[(x*,~~)-F(Q)<co} and S$= 
{x* E (L,)‘: inf,., [(x*, xn) - G(Q) > -co }. Define F*, the conjugate 
functional of F on 9’: to be F*(x*)= supnE9[(x*, ho) - F(Q)], 
x*EY;; and define G*, the conjugate functional of G on SY. to be 
G*(x*) = inf[(x*, ho) - G(Q)], x* E SE. 
THEOREM 4.5 (Fenchel duality theorem). Assume that F and G are, 
respectively, convex and concave set functions on a convex subfamily 9 of a 
a-algebra JZZ of all measurable subsets in an atomless finite measure space 
(X, SQ, m) with L,(X, d, m) separable. Assume that g contains relative 
interior points and that either F or G is w*-continuous. Suppose further that 
p=infnEa{F(Q)-G(Q)} isfinite. Then 
p = j;f, {F(Q) - G(Q)} = x*Ey;9e W*(X*)--F(x*H 
P G 
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where the maximum on the right is achieved by some x$ E 9: n 9g. If the 
infimum on the left is achieved by some 0, E 9, then maxn E 9 [ (x$ , xn ) - 
J’(Q)1 = (x& xn,,) -WU and minnsBC(x8, XL?> -WV1 = (xi?, XL+,) -
W4d 
Proof By definition, for all x* E 9; n 92, xa E 9, 
F*(x*) 3 <x*, xn) -F(Q) and G*(x*) < (x*, xn) - G(Q). 
Thus, F(Q) - G(Q) > G*(x*) - F*(x*) and hence infn. ,{F(Q) - G(Q)} > 
supX. E 9;n 9z{ G*(x*) - Ft(x*)}. Th ere ore, f it suffices to show that p= 
G*(x,+) - FL(x$) for some x$ E 9: n 9:. By assumption, either For G, say 
F is i-v*-continuous (the proof proceeds similarly if G is w*-continuous). 
We claim that [G, a] does not contain any relative interior point of 
[F-p, a]. Suppose not, and let (r,f) be in the intersection of [G, a] and 
the relative interior of [F-p, g]. Then there exists an E > 0 such that 
F(j) -p < r - E, and a sequence (52,) in 9 can be found for which 
Xa, + W* f and lim sup G(Q,) B r since (r,f) E [G, a] = [G, 91. Now since 
F is w*-continuous, lim, _ m F(Q,) = F( f ); hence for sufficiently large k we 
have G(Q,) > r - E > F(Q,) -p which contradicts the definition of p. 
By Corollary 3.12, [F-p, a] has non-empty relative interior; it follows 
that there is a closed hyperplane in R x L, separating [F--p, g] and 
[G, 91, hence [F-p, 91 and [G, 91. Since g has relative interior, this 
hyperplane cannot be vertical, it then can be represented as 
{(r,f)EIWxL,: (f,x$)-r=c} for some x$ E(L,)* and CER. 
Now since [G, 91 lies below this hyperplane and is arbitrarily close 
to it, we have c = inf,., { (xd, xn) -G(Q)) = G*(x,*). Likewise, c = 
su~~.~{(xo*,~~)-(F(S2)-~)}=F*(xo*)+~.Thus~=G*(xo*)-FC(xo*). 
If the infimum p on the left is attainted by some 52, E 9, the set [F-p, .9] 
and [G, 91 have the point (G(SZ,), 52,) in common and this point lies in 
the separating hyperplane; thus the last two equalities in the theorem are 
proved. 
Remark 4.6. Let F and G be, respectively, convex and concave set 
functions on the convex subfamilies Y and 5. Write 9 = Y n I. Assume 
F (or G, respectively) is w*-continuous on Y (Y-, respectively), then 
Theorem 4.5 holds if 9: (FE, respectively) replaces 9: (9,$, respec- 
tively). 
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